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1 Introduction 

The main objective of this paper is to relate the universe expansion to a topological expansion 
and to provide a new understanding of the space expansion via topology. However, relating 
topology to the continuous deformations of the space, such as its expansion, is quite impossible 
since topology is invariant under any continuous deformation of the space. This situation calls 
to circumvent the main difficulty by constructing new topological tools via fractal topology 
[3] that allows the detection of continuous deformations of space (such as its expansion). 
The fractal manifold model [1] is an adequate lead to these new tools since it is a valid for 
modeling the universe expansion [2], and since it is naturally associated to a fractal family 
of topological spaces introduced in [3]. 

The plan of this paper is as follow: in the preliminary part (Section 2) a general in- 
troduction to the fractal topology is presented, followed by an introduction to the fractal 
manifold and its own fractal topology. The Section 3 contains the main result. A definition 
of topological expansion via local multi-homeomorphisms over coproduct topological spaces 
is given in Subsection 3.1.1. We introduce the coproduct topology associated to a fractal 
family of topological spaces, and we prove that it is expanding in Subsection 3.1.2. In Sub- 
section 3.1.3, we define a locally expandable topological space and we prove that a locally 
expandable topological space has a topological expansion. In Subsection 3.1.4, we provide 
examples of topological expansion. In Subsection 3.2, the fractal manifold model is presented 
as a fundamental example of application of these new topological tools: we prove that the 
expanding fractal manifold is locally expandable and then has a topological expansion. We 
give an overview and derive conclusions in Section 4. 
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2 Preliminary 



In this part, we give an introduction to the fractal topology that can be found in [3] as well 
as an introduction to the fractal manifold model that can be found in pQ. 

2.1 Introduction to Fractal Topology 

Definition 2.1 A fractal family of topological spaces is a family 

{ X t^t) jnGIn (1) 

where 

i) for all n > 0, I n is an index set such that Card I n +i > Card I n ; 

ii) for all n > and for all j n € I n , (Xfr 1 , Ft) is a topological space; 
Hi) for each n > 0, the topologies Fn n are equivalent for all j n £ I n ; 

iv) for all n > and for all j n +i € In+l> there exists a unique j n € I n such that 

Xt C X%£ and Ft = {on Xfr / O € F^ }; (2) 

v) for all n > 0, for all j n G I n , there exists j n +i & In+i such that 

Ft C F^ and Ft = {o n Xt / O E F^}. (3) 

Definition 2.2 We call fractal topological space a family of sets IX^ 1 ) . g/ endowed with 

n>0™ 

a fractal topology ( Ft J . 7 such that ( Xt , Ft ) j * s a fractal family of topological 

n>0 n>0 

spaces. 



2.2 Introduction to Fractal Manifold 

The fractal manifold model pQ is built using a union of topological spaces all disjoint or all 
the same and families of local homeomorphisms that double the local properties of the space. 



2.2.1 Fractal-Manifold 

We introduce in this part basic notions about <5o-manifold and fractal manifold that can be 
found in [1] with deeper details related to the construction. 

Let us consider a strictly decreasing sequence (e n )n>o such that e n g]0, 1[ for all n > 0. 
We denote TZq =]0,£o[, and 7Z n = [0,e n [ for all n > 0. For all n > 0, let us consider the 
variables 5 n such that 5 n varies in lZ n and 5 n+ i < 5 n for all n > 0. 

Let fi, for i = 1,2,3, be three continuous and nowhere differentiable functions, defined 
on the interval [a, b] C R, with a < b. For i = 1,2, 3, the associated graph of fi is given by 

r, i o([a, b]) = G R 2 / y = fi(x), x £ [a, For i = 1,2,3, let us consider the function 

fi(x,y) = ^ Jx-y fi(t)dt, we call forward (respectively backward) mean function of fi the 
function given by: 

fi(x + cr ^, = ~r fi(t)dt for cr = + (respectively a = -), and 5 G K , (4) 

2 2 d J x 
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and we denote by T^° s its associated graph. 

We define the translation T 5o : n?=i ^ts x W — ► IlLi ^7g x W h V 

Ts (iai,bi),(a2,b 2 ),(a 3 ,b 3 fj = ({ai +S ,b 1 ),(a 2 + 5 ,b 2 ),(a 3 +S ,b 3 fj, 

5 5 1 r a i~^~^o 

where (a*, 6,) € T^ o , that is to say 6; = /j(a, + — , — ) = — / fi(t)dt for % = 1, 2, 3. 



Definition 2.3 For o~o G T^O; let Mg Q be an Hausdorff topological space. We say that Aig Q 
is an bo-manifold if for every point x G Mg Q , there exist a neighborhood Qg of x in Mg , a 
map ip So , and two open sets V 5 + Q of Y)u=i r i5 x and V &o °/ IIi=i r itf x i^o} such that 

(pg : Qg a — > V^, and Tg o tp§ : £lg — y V s ~ are two homeomorphisms. 

Let M = {Jg £K -^$0 De a un i° n °f <5o-manifolds all disjoint or all the same, where the 
variable Sq varies in TZq. 

Definition 2.4 We call object of M = {Jg oe iz Aig a set X = {Jg oe iz {%5 }, where 
xg G Mg for all 5q G TZq. 

Therefore an object of Ai = Ug oe n Aig is a family of points that has a representative 
element in each Aig , 5q G TZo. 

Definition 2.5 We say that Ai admits an internal structure X on a point P G Ai if there 
exists a C° -parametric path 

X:TZ — ► [jg oeno Mg () 
e — > X{e) G Ai £ , { ) 

such that for all e G TZo, Range(X) n Ai e = |x(e)| , and there exists e' G TZq such that 
P = X(e') £M £ >. 

Definition 2.6 A fractal manifold is an union of Hausdorff topological spaces all disjoint or 
all the same Ai = U<s e7Jo "^ <5 »' w hich satisfies the following properties: VSq G TZo, Aig Q is a 
So-manifold, and VP G Ai, Ai admits an internal structure X on P such that there exist a 
neighborhood Q(Rg(X)) = U<5 g7£ ^<5o' w ^h Qg a neighborhood of X{5q) in Mg Q , two open 

sets V + = U^oeKo K, and V ~ = UioeWo V So > where V S Q is an °P en set in U i=i F iS x i s o} 
for a = ±, and there exist two families of maps (^g Q )g Q ^Tz Q and (Tg o (p&o)&n&K such that 
ipg : O<5 — > Vg^ and Tg o ipg : O,g — > Vg~ are homeomorphisms for all 5q G TZo ■ 

Definition 2.7 i) A local chart on the fractal manifold Ai is a triplet (Q,ip,T o tp), where 
^ = UsoeKo^So i- s an °P en set of Ai, if = ((ps )s en is a family of homeomorphisms (pg 
from tt So to an open set of T ts x i S o}> andTo(p= (Tg o (pg Q )g i)€ K is a family of 

homeomorphisms Tg o (pg from Qg Q to an open set V s ~ of Yli=i F iS x {^o} for all 5o G TZo- 
ii) The coordinates of an object Rg(X) C SI related to the local chart (Q,(p,T o (p) are 
the coordinates of the object Lp{Rg(X)) in Ufoefco IIi=i ^ts x {^°) ' and °f ^ e °^i ec ^ 
(T o tp)(Rg(X)) m [j^ UU ^ X {5 }. 
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Notations: 

1) For all n > 0, for all 5o G TZo, . . . , 5 n G 1Z n and ctq = ±, . . . , a n = ±, we denote by 
N 8o"fn the followin g set: 

N Z:Z = fl T Z:X * {*»> * ••• * W ( 6 ) 
i=i 

where r^'"^™ represents the graph of the function: 

_ _ f'X-\-(TnSfi ftn. — l"f fn — 1 Sri — 1 

KslTM = j^zi I / • • • / mdtdto ■ ■ ■ dtn - 1 (7) 



to 



for all x G [a, 6]. 

2) We denote the set (J (...( (J iV^)) by (J iV£;£- 

<5q6K'0 5n&ln So...S n 



Using the previous notations, the following theorem (see [T]) illustrates the fractal mani- 
fold model: 

Theorem 2.1 If M. is a fractal manifold, then for all n > 0, and for all k G [2 n , 2 n+1 — l]nN, 
there exist a family of local homeomorphisms and a family of translations such that for 
Oj = ±, j = 0, 1, ...,n, one has the 2 n diagrams at the step(n) given by Diagram A: 



M 




^0 5 1 5 2 s O s l s 2 6 0' 5 1 5 2 l5 5 l 5 2 



Diagram A: Expanding diagram of the fractal manifold M. 
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2.2.2 Fractal Topology and Fractal Manifold 
Notation: 

For all n > 0, we denote A n the index set of cardinal 2 n+1 given by: 

A n = {oo ■••On I Oo = ±, . . . , O n = ±}, (8) 

and we have 

Ao = {oq / (Tq = ±} = {+, — } with cardinal 2, 

A-l = {o"o(Ji / (T = ±, (Ti = ±} = {++, H — , — h, } with cardinal 2 2 , 

A 2 = {o"oo"io~2 / Oo = ±, (Xl = ±, CT 2 = ±} 

= {+ + +,+ + -,+ -+,+ ,- + +,- + -, +, } with cardinal 2 3 , etc. 

For all n > 0, Si G TZi and o"j = ±, for i = 1, n, the set N$°"f™ given by ([6]) is a Hausdorff 

topological space, and if T^ °" s °" is its associated topology, then the set Ng°"f^ is a 

So...S n 

topological space for the topology called diagonal topology in [I] and given by 

<5o.-<5n 

The following Lemma and Theorems can be found in [3]: 

Lemma 2.1 For all n > and for all ctq = ±, . . . , a n = ±, f/ie se£ ^So ' f" ^ s identical 

8o...S n 

to the subset (J N£$g~» of [j for a n+1 = ± . 

5o...(5n (5()...(5n+l 



Theorem 2.2 The family of diagonal topological spaces ( \J So § n N^ Sn , Tn") . gA is a 
fractal family of topological spaces. 

Theorem 2.3 T/ie fractal manifold M is locally homeomorphic via families of local homeo- 
morphisms to the fractal topological space ( \J Sq g n N$™ s ) . gA . 

3 Main Results 

3.1 Topological Expansion 

3.1.1 Coproduct Topology and Expanding Topological Space 

We characterize an expanding topological space as follow: 

Definition 3.1 We say that a family of topological spaces \E n ,T n ) is expanding if for 

V /n>0 



all n > there exists a family of topological spaces I E n n , T^ n I indexed by a set I n such 
that: 

i) Card I n < Card I n +\i 

ii) for all n > and for all j n+ \ € I n +i, there exists a unique j n € I n such that 

Tt C TiXx and T*> = {o D X£ / O 6 T^ 1 }- (10) 
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Hi) (E n ,T n ) n >Q is the topological co-product given by 

(11) 



\T n = {0cE„/0n {Et x {j n }) open set in E n n x {j n }, Vj n G /„}. 

We say that the topological spaces (E n ,T n ), n > are the indexed expansion states of 
the topological space (Eo,Tq), and that the topological space (Eq,Tq) is expanding into the 
topological space (E n ,T n ) for all n > 0. 

Remark 3.1 The family [E n ,T n ) represents all the transformations of the topological 

\ /n>0 

space (Eq,Tq) due to its expansion. 

Proposition 3.1 Let (Ei,Ti)i e j be an indexed family of topological spaces. If E = Y[ ieI Ei 

and T is the coproduct topology on E given by 

T = { O C E I OC\(Ei x {i}) open set in E, L x {i} Vie/}, (12) 
then T = | \J ieI O t x {i} / Vi G /, O t G T t }. 

Proof. We denote the set S = j \J ieI Oi x {i} / \/i G I, Oj G Tj j. We have to prove the 
following: 

i) the set S is a topology on E; 

ii) T = S 1 . 

i) Since Ei and are in Tj for all i G /, then the sets E and are in S. Let us consider 
UiGi" x W an( l Uie/ x W ™ Since for all i G /, Tj is a topology, then (Oj PI Ui) G Tj, 
and then 

( U Oi x {i}) p| ( |J ^ x {»}) = J(o, n [/,) x {i} 

ie.f «e/ «e/ 

is in S. Let us consider for all k G K, \J ieI Oi^ x {z} G T. We have 

U IM* X « = U IM* X «- 

Since for all i G /, Tj is a topology, then \J keK O i>k G Tj, and then UfceA" Uie/ Oi,k x {*} G S 1 , 
thus the set 5 is a topology on E 1 . 

ii) We have to prove the following inclusions: T C S and 5cT. Let us consider O G T. 
Since O is a subset of E 1 , then 

o = onE = on(\jE t x {*}) = |J (o n x {*») . 

iei iei 

Since O G T, then for alH G O PI (T^ x {?}) is an open set of i% x {i}, then there exists 
Oj G Ti such that Ofl(^x {i}) = Oi x {«}. Therefore O = U ie / x {i} G 5. 

Inversely, let us consider O G 5, then O = [Jje/ ^ x {i} where for all i G /, Oi G Tj. For 
all i* G /, 

o n (Ej* x {i*}) = ({Jo t x {i}) n x {i*}) 

ie/ 
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= U (°i x {*> n E i* x = U { 0i n ^* x W n {i* }) 

= Oi*nEi* x {i*} = Oi. x {i*} 

which is an open set of Ei* x {i*}. Therefore O E T, which provides the second inclusion and 
ends the proof. 

□ 



Definition 3.2 Let M be a topological space and let [E^TA be an indexed family 

of topological spaces. We say that M is locally multi-homeomorphic to the disjoint union 
E = YLi£i Ei together with the coproduct topology T if for allx E M there exist Q neighborhood 
of x in M, V = Vi E T and a family of maps (ipi)iei such that for all i E I, ipi : — > Vi 
is an homeomorphism. 

We call a local multi-chart at x G M. For all y £ fl, the coordinates 



ipi{y) ) in E are the coordinates of y in the multi-chart ( O, (ipi)iei 
J -iei V 

Definition 3.3 Lei M be a topological space. We say that M has a topological expansion if 
there exists an expanding family of topological spaces \E n ,T n ) such that 

\ /n>0 

i) M is locally multi-homeomorphic to the topological space (E n ,T n ) for all n>0. 

ii) T n C T n+ i for all n > 0. 

Definition 3.4 Suppose that (X,T) and (X',T') are two topological spaces. We say that T' 
is finer that T if 

X C X' 
T cV 

In particular if X = X' , we find again the classical concept of topologies comparison. 

Property 3.1 Let (X,T) be a topological space and A be a subset of X endowed with the 
subspace topology Ta = {A n O/O E T}. If A is open in X , then T is finer than Ta- 

Proof. It is obvious since Ta C T if and only if A is open in X. 

□ 

3.1.2 Coproduct Topology Associated to a Fractal Family 

Definition 3.5 Let lX^,J-^ n J . 1 be a fractal family of topological spaces. For all n > 

n>cT 

we denote by g n the map g n : I n +i — > I n that associates to each j n +± E I n +i the unique 
3n = 9n(Jn+i) G 4 such that Tt ={OnXt I O e Tt+i}- 



Property 3.2 // [X^ n , T 3 ^ J . is a fractal family of topological spaces, then for all n > 0, 

n>0 

the map g n is a surjection on I n +i. 

Proof. The result comes from Definition 12.11 v). 

□ 



7 



Lemma 3.1 If ( X n n ^TrT ) . g/ is a fractal family of topological spaces, then for all n > 

n>o" 

and for all j n +i 6 In+i, there exists a unique j n G 7 n suc/i i/iat J 7 ™" C ^n+i an d 
Tt = {onxt /Oe^+j 

Proof. 

By Definition I2.1l iv). for all n > and for all j n+ \ G / n +i, there exists a unique j* G I n 
such that 

f = {o n x£ I o g 

y Jin C A n+1 

By Definition 12 .l| v). for j* G I n there exists G I n +i such that 

f 4» = {On i5/Oe jf^i 1 } 

{ J~n L -r n+1 

which implies X^" C Since C Xj^ 1 and X$ C xj^ 1 , * h en there exist two 

canonical injections i : X n " — > X 3 ^ and i* : X n " — > X 3 }^ such that i(Xl") = X n " 
and i*(X n n ) = X n n , which means that the space X n n is seen in both spaces X n n ^ and 
X n n +i ■ Since T n n is induced by T^+X anc ^ -^™ n * s hiduced by , then the injections i 

and i* are continuous. By Definition 12. 1| iii), the topologies F^+i and F n n +i are equivalent, 
then there exists a homeomorphism 93 : X^S 1 — ^ -^n+l sucn that z* = tp o i. We have 
i*(X^, n ) = <p o i(X n n ), which implies that X n n = ip(X n n ). Therefore if Xh" is an open set in 
X J }+i, then tp- l {X 3 n n ) = X$ is an open set in X%$. Since J# is induced by P n n ^ and 
X n n is an open set in X n n ^ , then J 7 ^" C , which completes the proof. 

□ 

Definition 3.6 Let (X n n ,J- n n ) . gj 5e a fractal family of topological spaces. We define for 

n>0™ 

all n > f/ie coproduct (X n ,F n ) associated to yX n n ,F n n \ . gJ to 5e the disjoint union 

n>0 ?l 

^«=II^ = U X n X On) ( 13 ) 

together with the coproduct topology T n given by 

JF n = |o c X n I O n (Xfr x {j n }) open set in X n n x {j n } Vj n G /„}. (14) 



TTie topological spaces \X n n ,JF^-\ ) j ra G I n are called the fractal constituent spaces of 
the coproduct (X n ,J„), and [X n ,T n \ is called the coproduct family associated to 

\ / n>0 

( X jn T j A 

V n ' n / Jn6/„ ' 

n>0 



s 



Remark 3.2 By Proposition \3.R 

J r n={ (J 0£ x {j n } I Vj n G /„, G J*» }. (15) 

n 

Theorem 3.1 If . is a fractal family of topological spaces, then the associ- 

n > a 

ated coproduct family X„, J n is expanding. 

\ /n>0 



Proof. Let (^X n n , T n n \ . g/ be a fractal family of topological spaces, and let {x n ,T n 



n>0 



n>0 



be its associated coproduct family. 

We have to verify that the conditions of the Definition 13.11 are satisfied. By Definition 
12.11 Card I n < Card I n +i- By Lemma 13.11 for all n > and for all j n +i G I n +li there exists 
a unique j n G I n such that 

f ./•/; {() - .v// / OeT^+i 1 } 

and for all n > 0, the space X n = U Jng / n Xn" is endowed with the coproduct topology !F n , 
which completes the proof. 

□ 



Corollary 3.1 If ( X n n , J- n n ) 7 is a fractal family of topological spaces and {X n , T n 

n > o 

its associated coproduct family, then the topological space (Xq, J-q) is expanding into the topo- 
logical space (X n ,J" n ) for all n > 0. 

Proof. The proof is straight forward from Theorem 13.11 and Definition 13.11 

□ 

Lemma 3.2 Let ( X' n n ,T n n J . be a fractal family of topological spaces. For all n > 0, for 

n>0 

all j n G I n and for all j n +i € I n +i such that g n (jn+l) = jn, the space X n n x {j n } is identified 
to the subspace X n n x {j„+i} of X^ x {j n +i}- 

Proof. Let n > and j n G I n . Let j n+1 G I n +\ such that # n (jn+l) = j n . Since ffnO'n+l) = in, 
by Lemma EH we have Tt C J"^ 1 and T^ 1 = |(9 n X£ l / O G jjft 1 }. Let us consider 
the following canonical injection 

(:Xtx{j n } — > C x fci) (16) 
fojn) 1 — ► (^jn+l) 

The injection (" is continuous: indeed let O = O n n ^ x {j n +i} be an open set of X n "^ x {j n +i}, 
where O^ 1 G , then 

C l (o) = cHoiW 1 x {j n+1 }) = (oj# nx*) x {j n }- 
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Since P n n is induced by T^+i, then O^ 1 n xt G Jn", then C _1 (0) is an open set of 
X^" x {jn}- Therefore the continuous injection £ is an homeomorphism from X n n x {j n } to 
x {in}) = 4" x {jn+i}, which allows to identify the space xt x {jn} to the space 
^n n x {j n+1 }. 

□ 



Lemma 3.3 If (X^ n , ) . z is a fractal family of topological spaces, then for n > 

(J OS 1 X {i„+l} = U ( U n7l >< W}), (17) 

jn+l&In + l jn£ln Jn + l^'n+l 

9n(j„ + l)=jn 

where O^ 1 G T^Y /or all j n+1 G I n+ i. 

Proof. Let n > 0. Since Card !„ < Card 7 n +i, the map g n is surjective but not injective. 
For a given j n 6 7 n , we consider the set of all j n+ i G d n +i that have the same image j n 
by the map g n , that is to say such that g n (j n+ i) = j n . Therefore we can write the union 
U O^+l x {j n+1 } as [J ( [j ojft 1 x {in+i}), which gives the property. 

jn + l&In+l jn&In in+l^n+l 

9n (i n + l)=in 

□ 

Remark 3.3 Another proof of the Lemma [373{ can be obtained by proving the following double 
inclusion: 

U Ofe * c U ( U 0*£ x{i„ +1 }) ; 

gnU n +l)=3n 

U ( U °n+ + i x wi) c u o^ 1 x a, +1 }. 

9n(j n + l)=Jn 



n>0 



Theorem 3.2 // ( X^ 1 , J 7 ^™ J . is a fractal family of topological spaces, and \X n ,T n 

n>0 

is its associated coproduct family, then 

Vn>0, J n CJ„ + i. (18) 



Proof. Let I^,J^° j z be a fractal family of topological spaces and let n > 0. Let 



jn6 
n>0 



us consider VL £ T n . By (fTo| . Q, = [J fl-fr x {j n }, where G Jj£™ for all j n £ I n . By 

Definition 12.11 v), for all j n G I n , there exists j n +i G such that T n n C -T^+Y- ^ e t us 
denote p = Card {j n +i G J„ / o(j n +i) = in}- Since g n is surjective but not injective, then 
p > 1. We denote by all the elements of the set {j n+ i G I n / g(j n +l) = jn}, 

and we have 

si 

~p3n „— -pJn+1 . 
J- n ^ n+ l , 

-Tn t- -^n+1 ' 
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then there exist O^ 1 G T^+i r ■ ■ > °f+ + i G -^+1 such that 

■ i -p 



then we can write 



and we have 



n^ = o^ = ... = o;«+\ (19) 



= U n+ + l 

Jn + l 6/ n+l 
9n(j„ + l)=jn 



n£x{j»} = ( |J o^ 1 x{ Jn } 



9n O n +l)=in 



J 



U...UO& 1 ) X{j n } 



U x 



9n (j n +l)=Jn 



Since for all j n +x £ ^n+i such that g n (jn+i) = jni we have O^Y*] 1 C -Xn", then by Lemma 
the set O^i 1 x {j n } can be identified to the set O^+l x {in+i}, and we obtain 



n£ B x{j«}= |J (o^+i 1 x{i„+i}), 



9raC?n+l)=?n 



therefore 

n = |J n£ x {j n } = |J ( |J (o^ x { Jn+1 } 

9n(j n + l)=in 

By Lemma [373^ Q = O^+i 1 x e -^"n+i, which ends the proof. 

□ 

Corollary 3.2 // I X-J™ , .FjJ* 1 J / is a fractal family of topological spaces, and 

n > 

X n , J n is its associated coproduct family, then \X n \ is ascending. 

V / n>0 V / n>0 

Proof. Its a direct consequence of Theorem 13.21 



□ 

Corollary 3.3 // (X-j n , Fl n ] . r is a fractal family of topological spaces, and (X n , J n )„>o 

n>0 

is iis associated coproduct family, then the more the topological space {Xq,Fq) expands, the 
finer the topology of its indexed states is. 



Proof. For all n > 0, we have X n C X n+ \ by Corollary 13.21 and T n C T n +i by Theorem 13. 21 
then by Definition 13.41 we conclude that F n+ \ is finer than F n , which gives the result. 

□ 
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3.1.3 Locally Expandable Topological Space 

Definition 3.7 A topological space M is said to be locally expandable if there exists a fractal 
family of topological spaces ( X^ 1 , J--^ 1 J . I such that M is locally multi-homeomorphic to 

n>0 

the associated coproduct topological space (X n ,J- n ) for all n > 0. 

Example 3.1 The fractal manifold introduced in fl^ is an example of locally expandable 
topological space. 

Theorem 3.3 If M is a locally expandable topological space, then M has a topological ex- 
pansion. 

Proof. Let M be a locally expandable topological space. By Definition l3.7l there exists a frac- 
tal family of topological spaces [X-% 1 , J . gJ such that M is locally multi-homeomorphic 

to (Z n , J n ) for all n > 0. By Theorem 13.11 the family of topological spaces Xn,^ 

V / n>0 

is expanding, then there exists an expanding family of topological spaces [X n , T n ) such 

\ /n>0 

that M is locally multi-homeomorphic to the associated coproduct (X n ,F n ) for all n > 0. 
Moreover using Theorem 13.21 we have T n C J- n +i for all n > 0, therefore by Definition 13.31 
M has a topological expansion. 

□ 

3.1.4 Examples of Topological Expansion by Stretching 

To give an example of topological space that has a topological expansion, we have first to 
build a fractal family of topological spaces. 

Stretching Process on R: Let ]a, b[ be an open interval of R with a < b. We define a 
sequence of open intervals (Xn n )j„ei n of R endowed with the induced topology of R 
by stretching the interval ]a,b[ left and right step by step as follow: let us consider a 
strictly decreasing sequence of positive real numbers (e n )n>o- 

• For the step(0), by subtracting so to the left of the interval ]a,b[, we obtain Xq = 
]a — Eo, b[, and by adding eo to the right of the interval ]a, b[, we obtain Xq =}a, b + eo[; 

• For the step(l), by subtracting b\ to the left of the interval Xq and by adding e\ to 
the right of the interval Xq , we obtain the open intervals 

X[ =]a — £Q—£\,b[ and X^ + =]a — Eq, b + e\ [, 

by subtracting e\ to the left of the interval Xq and by adding E\ to the right of the 
interval Xq, we obtain the intervals 

X+ _ =]a — e\, b + Eq[ and X^ + =]a, b + Eq + e\ [; 

• For the step(2), we stretch each interval of the previous step left and right by subtracting 
Ei for the left stretching and adding Ei for the right stretching, to obtain: 

X 2 =]a — Eq — Ei — E2, b[, and X 2 ^ =]a — Eq — £\, b + £2! 
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x; 



-]a - e - £2, b + Ei{ and X 2 ++ =]a - e , b + £\ + e 2 [ 



=]a — ei — & + £o[ an d X 2 
X^ + ~ =]a — 82, b + £0 + £1 [ and 

etc (see the process tree in Diagram B). 



-]a — £1,6 + £0 +£2! 
=]a, 6 + £o + £1 +£2[ 



More generally, let us consider for all n > the index set J n = {0, 1, n} and the index 

sets 

1+ = {i € J n /(Ti = +} and J~ = {i G J n = -}. (20) 

We have I n = 1+ U J~ for all n > 0. 

For all n > and for all j n = OQ...a n G A n , where A ra is the index set defined by ([8]), the 
stretching process gives the following intervals at the step(n): 



X 3n 



a - ^2 Ei , b + ^2 £i [, 



(21) 



and by stretching left and right the open interval X^ n we obtain at the step(n + 1) the open 
intervals 



A n+1 



a- ^ £i-£n+l , b+ ^2 £ i [) 



and X^ + + 



a-^ £i , 



(22) 



}a,b{ 




Diagram B: Tree that illustrates the construction of an expanding fractal family of topological spaces 
via left stretching and right stretching process of the open interval ]a,b[. 



For all n > 0, and for all j n G A n , the open interval X^ n of M. is endowed with the 
topology T n n induced by the usual topology of R. It is not difficult to prove that this family 
of topological spaces ( Xh" , Fh n J . gA verifies the following: 

n>0 
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1. Card A n < Card A n +i for all n > 0; 

2. (Xn",^") is a topological space for all n > and for all j n G A n ; 

3. For a given n > 0, the topologies F n n are equivalent for all j n G A„ since the Xn", 
j n G I n are open intervals of R; 

4. For all n > and for all = cio...cJnO'n+i G A n +i, there exists a unique j„ G A n 
given by j n = a ...a n such that xt C X^ 1 and j£ n ={On At" / O G X^ 1 }; 

5. For all n > and for all j n = cr ...(j n G A n , there exist two indexes j n +i G J n +i given by 
j n+ i = cr ...a n + andjn+i = a ...a n - such that P n n C J*^ 1 and = {Ofl4" / O G 

yjn+l \ 
A n+1 /• 

Consequently the family ( Xn™ , J 7 ^™ ) A is a fractal family of topological spaces. If we define 

™>o™ 

the coproduct X n = ]J Jn6An A"^ n = Uj n GAn x 0'^} together with the coproduct topology 

then by Theorem 13.11 the family J„, J„ is an expanding family of topological 

V /n>0 

spaces, and by Theorem I3.2[ T n C F n+ \. Moreover the topological space ]a,b[ is a locally 
expandable topological space, indeed for all n > and for all j n G A n the open interval ]a, b[ is 
homeomorphic to the open interval X n " , then ]o, 6[ is locally homeomorphic to J^" for all j n G 
A n and then there exists a local multi-homeomorphism between ]a,b[ and X n = J J A^"' 

which yields by Definition 13.71 that }a,b[ is locally expandable. Therefore by Theorem 13.31 
]a,b[ has a topological expansion. We have the following proposition: 

Proposition 3.2 Any finite open interval ofWL is locally expandable by the stretching process 
on R. 

Proof. The proof is straight forward from the description of the previous stretching process. 

□ 

Remark 3.4 The topological expansion of]a,b[ is not unique since there exists an infinite 
number of sequences (e n )n>o such that s n < ... < E\ < Eq for all n > 0, which gives an infinite 
number of stretching processes. 

Remark 3.5 The open interval ]a,b[c R is not expandable by the stretching process if 
a = — oo or b = +oo. In particular R is not expandable by the stretching process. 

Stretching process on R n : the stretching process on R can be generalized to R n . 

Let us consider 

P = ...,x 2 ) G R n / a k < x k < b k , V7c = 1, ...,n| 

an open box of R n , where a k and b k are finite real numbers for k = 1, ...,n, and let (£n) n >o 
be a strictly decreasing sequence of real numbers. By applying the stretching process on R 
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Figure 1: This tree illustrates the fractal constituent spaces of the coproduct (X n , J- n ) for n = 0, 1, 2. The 
existence of a fractal family of topological spaces {(X^ n , T n n ) , /j n € A n and < n < 2} with CardK n = 2 n+1 , 
makes any open box in locally expandable. A stretching process on IR 2 is obtained by left-down stretching 
and right-up stretching of the box P in the plane, which corresponds to the left and right stretching of each 
side of the open box P from step(0) to step(2). 



to each open interval ]afc,6fc[ for k=l,...,n, we obtain a fractal family of topological spaces 
Xfc 1 ,Jn* ) . given for all n > and for all j n G A n by 



jn SA n 
n>0 



Xfr = {(x 1 ,...,x 2 ) £8" / x k e]a k - Y, e i . h+ VA; = l,...,n} (23) 

endowed with the topology Tl? induced by the usual topology of R n . The coproduct as- 
soc 

by 



sociated to the fractal family (Xh™,^ 1 ) . gA for all n > and for all j n £ A n is given 



Xn= u (n]°*- Y. £i > bk+ e4) x m ( 24 ) 

jnGAn fe=l igj" j g /+ 

By Proposition I3.12|, the open box P is locally expandable (see illustration of a locally ex- 
pandable box in R, Fig .1) and we have the following proposition: 

Proposition 3.3 Any open box ofW 1 is locally expandable by the stretching process on R n . 
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Fi gure 2: The non disjoint union of all constituents of the stretching process illustrated in Fig.l from 
step(O) to step(2) gives different areas that index the expansion states of the square box in a). The union 
Xf U XT~ + U X^ + ~ U U X£ U X£~ + U X^ + ~ U X 2 h++ = Ujv.eAa^ 2 for example is the new 

surface of the square box obtained at the step(2) after left and right stretching process. This new surface 
is compared to the surface of bigger square box that delimitate it in b), where the white surface within the 
big square box is missing in the stretching process of the box P, which makes the fractal dimension of the 
obtained stretched surface less that 2 since it is not a surface of full square. . 



Proof. The proof is straight forward from the construction. 

□ 

Remark 3.6 An open box of M 2 is expandable, where the stretching process from step(0) 
to step(2) is illustrated in Fig.l. The non disjoint union of the obtained fractal family 
{(Xn n ,J~n n ), / jn G A n and < n < 2} is illustrated in Fig. 2, and its is not difficult to 
see that the fractal dimension of the surface IJj n eA n f or < n < 2 is strictly less than 2. 

3.2 Fundamental Application: the Fractal Manifold 

3.2.1 Coproduct Topology associated to the Fractal Manifold 

Let M be a fractal manifold. By Theorem l2.3| Ai is locally homeomorphic via a family of local 
homeomorphisms to the fractal family of topological spaces ( U<s s„^Sq 5 n > 7~n n ) . 6A • 

n>0™ 

Let us consider the coproduct family (iV n ,7^j associated to f {J Sq Sn iVj™ Sn , Tn n ) . gA 

/ n>0 V / ™ > n 



16 



given for all n > by 

n « = n ( u N t. Sn ) = u ( u <.j - w 

jn6A,j 5o-..S n j«6A n <5o...<5 n (25) 



3'neAn 

Proposition 3.4 TTie coproduct family \N n ,T n ) is an expanding family of topological 

V /n>0 

spaces. 



Proof. By Theorem 12.21 the family ( \J S ^ Ng n s , 7^?" j A is a fractal family of topo- 

n>0 

logical spaces, then by Theorem l3.ll ( N n ,T n ) is an expanding family of topological spaces. 

V /n>0 

□ 

Proposition 3.5 For all n > 0, T n C 7^+i- 

Proof. The proof is a direct consequence of Theorem 13. 21 

□ 

3.2.2 Topological Expansion of the Fractal Manifold 

From the Theorem 1 2. 11 Diagram A, one can understand the expansion of the fractal manifold 
M. in the local coordinates system at each step. Indeed, for all P € M there exists a local 
multi-chart at P given by 



etc, 



0,Vi,^iJ for the step(0) (26) 
(0,^2,^2,^3,^3) for the stepil) (27) 
Ul,tp4, ipi, V>5,^5, ^6,^6^7, V4) for the step(2), (28) 

(o, V>2", ^2"' V'2™+i,^2"+i' jVv+i-i, ^2«+ 1 -i) for the step(n), (29) 

where V>i = y 1 and ip[ = T\ o ipi , ^ 2 = ^2 y 1 , and f/4 = ^2 </?2 </>l , ^3 = 9?3 7\ o y>i and 
■03 = T 3 o 993 o Ti o ^ etc. 

If we use the index set A n given by (JED with Card A n = 2 n+1 , then we will have a family 
(ip n n )j n eA n that represents the 2 n+1 local homeomorphisms used in the local multi-chart ([29]) 
at the step(n) for all n > 0, therefore the local multi-chart ([29]) at the step(n) can be denoted 

as follow (f2, (V'n n )j n GA n ) , where for n = this chart is a triplet, for n = 1 it is a quintuplet, 
etc. Since for all n > and for all j n £ A n we have 

^: C |J At... 5n , (30) 

5o...5„ 

then for all n > 0, the disjoint union j | ip n n (Q) = ^"(O) x belongs to the 

6 A 

topology 7^ given by ([23]) . The open set J J i/) n n (p.) is a neighborhood of Uj n eAn ^11 {P) 

in£A n 
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in the topological space (N n ,T n ), where tp^(P) is the local representation of P G Ai 

j n eA n 

at the step(n) in the local multi-chart ($1, {iprt l )j n eA r ^j ■ The number of local coordinates of 

P in the local multi-chart (^l, (^n n )j n eA n J is increasing from one step to another. We can 
express the expansion of the fractal manifold Ai via its local expansion everywhere: 

Proposition 3.6 If Ai is a fractal manifold, then Ai is locally multi-homeomorphic to 
{N n ,T n ) for alln> 0. 

Proof. Let Ai be a fractal manifold. For all P € Ai and n > 0, there exists a local chart 
(n, C0n n )j„eA n ) sucri that f2 is a neighborhood of P in .M, J| E T n and for all 

in G A n , V'n 1 : ^ — >■ is an homeomorphism. Therefore by Definition 13.21 .M is locally 

multi-homeomorphic to {N n ,T n ) for all n > 0, which completes the proof. 

□ 

Corollary 3.4 If Ai is a fractal manifold, then Ai is locally expandable. 

Proof. Let Ai be a fractal manifold, then there exists a fractal family of topological spaces 
given by ^ [^J iVj™ 7^™^ ^ gA such that is locally multi-homeomorphic to the asso- 

dated coproduct topological space (N n ,T n ) for all n > as proved in Proposition 13.61 then 
by Definition 13.71 we obtain that Ai is locally expandable, which completes the proof. 

□ 

Theorem 3.4 If Ai is a fractal manifold, then Ai has a topological expansion. 

Proof. Since Ai is a fractal manifold, then by Corollary 13.41 Ai is locally expandable, and 
then by Theorem 13.31 Ai has a topological expansion. 

□ 

Remark 3.7 The local transformations of the fractal manifold At from one step to another 
are locally identified via local multi-homeomorphisms to the local transformations of the ex- 
panding topological space (Nq,Tq). Therefore the more Ai expands, the more Ai is locally 
multi-homeomorphic to a finer topological space. 



4 Overview and Conclusion 

In this framework we have established a new formalism that leads: 

i) to define properly a topological expansion of a topological space via disjoint union 
topology of family of image of topological spaces X n " for all n > 0, where the image of X n n 
is given by the product Xi n x {j n }; 

ii) to make possible the comparison of two different topological spaces (X, n) and (Y,T2) 
when X is a subspace of Y; 

iii) to quantify a topological expansion in different indexed expansion states, and thanks 
to ii) , to end up with a clear causality between space expansion and the finer topology of the 
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indexed expansion states: the more a topological space expands, the finer the topology of its 
indexed states is. 

The main lead in this new formalism is the fractal manifold model. Indeed, contrary to the 
Riemannian or pseudo-Riemannian manifold used in general relativity, the fractal manifold 
model presents two fundamental aspects: a variable geometry |2J, and a variable topology 
[3]. The coexistence of these two aspects leads to understand the space-time dynamic via 
topological variation of the space as it was elaborated within this work. 

It is known that the topology is invariant under continuous deformations of the space, 
including space expansion, and then it is quite impossible to find criteria using classical topol- 
ogy that give a new understanding of the space expansion via topology (or to understand 
what happens to the topology when the space expands). However, this new formalism makes 
the fractal topology sensitive to the continuous deformations of the space such as its expan- 
sion, and allows to find out a causality between space expansion and topology variation. The 
reason behind that is the main structure of the fractal manifold pQ. Indeed the continuous 
deformation of the space on fractal manifold is constructed via a discontinuous process: a 
double family of local homeomorphisms from one step to another that double the local prop- 
erties of the topological space and generates local expansion of the space. This procedure in 
describing the continuous deformation of the space such as its expansion is actually made by 
quantifying splits of the local properties of the space. This sequence of splits makes the frac- 
tal topology on fractal manifold locally sensitive to the continuous deformations of the space, 
which gives the causality between space expansion and variation of the fractal topology. 

The global expansion of the space, within this framework, can be understood via its 
local expansion everywhere that preserves the homogeneity of the space, which is one of 
the fundamental principle in cosmology. This framework provides a new insight and define 
causalities related to the variation of topology as the space-time expands, which could open 
a new window on topology applications in cosmology. 
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